Introduction
Let (M, g) be an n-dimensional Riemannian manifold. We say M has k-positive Ricci curvature if at each point p ∈ M the sum of the k smallest eigenvalues of the Ricci curvature at p is positive. We say that the k-positive Ricci curvature is bounded below by α if the sum of the k smallest eigenvalues is greater than α. Note that n-positive Ricci curvature is equivalent to positive scalar curvature and one-positive Ricci curvature is equivalent to positive Ricci curvature. In this paper we will study the topology of four dimensional manifolds with two-positive Ricci curvature. In a sense this is the first interesting case between positive scalar curvature and positive Ricci curvature because in dimensions less than four positive scalar curvature leads to strong topological conclusions whereas in four dimensions it does not. Positive Ricci curvature implies strong topological restrictions in all dimensions.
The principal geometric result relies on the following idea introduced by and . Let γ be a smooth simple closed curve in M which bounds a disk in M . Set N r (γ) = {x ∈ M : d(x, γ) ≤ r}. We define the homotopy fill radius of γ to be: π 1 fillrad(γ) = sup{r : dist(γ, ∂M ) > r and γ does not bound a disc in N r (γ)} We prove: Theorem 1.1. Let M be a closed four manifold with two-positive Ricci curvature bounded below by α. Then the homotopy fill radius of any smooth simple closed curve γ which bounds a disc in M satisfies:
A similar upper bound for homotopy fill radius is proved for three manifolds with positive scalar curvature in [S-Y2] and [G-L2] . Our theorem is proved using the second variation of minimal surfaces in the four manifold, in a sense, a technique analogous to the techniques introduced by Schoen and Yau in their study of three manifolds with positive scalar curvature. However we make essential use of the complex form of the second variation and of complex geometry so in another sense our methods are closer to those used in the study of positive isotropic curvature [M-M] [F2] [F-W] . We note that when the codimension of the minimal surface is greater than one there are technical difficulties associated with the curvature of the normal bundle that must be overcome.
An upper bound on fill radius is a strong geometric condition that leads to many interesting results. We state a few such results though there are certainly more. In particular this bound shows that four manifolds with 2-positive Ricci curvature are geometrically similar to three manifolds with positive scalar curvature. Perhaps our most interesting application of the fill radius bound is to the structure of the fundamental group. We prove: Theorem 1.2. Let M be a closed Riemannian four manifold with Ricci curvature that is 2-positive then the fundamental group is virtually free.
A group is virtually free if it posseses a finite index subgroup that is free. In fact we show that any closed manifold (of any dimension) that has a curvature condition which implies an upper bound on fill radius has virtually free fundamental group.
To put our study in context and to provide examples of manifolds with 2-positive Ricci curvature we begin this paper with a proof that for any k, 2 ≤ k ≤ n the condition of k-positive Ricci curvature is preserved under connect sum and under surgeries in codimension greater than or equal to 3. The proof of this result closely follows the work of . In particular it follows that closed manifolds that are connect sums of products M i × S 1 , where the M i have positive Ricci curvature, admit metrics with 2-positive Ricci curvature. These manifolds have virtually free fundamental groups. It is thus reasonable to ask: Does a closed manifold that admits a metric with 2-positive Ricci curvature have virtually free fundamental group? We have answered this question in the affirmative when the dimension is four. We expect the techniques introduced here to be useful in the study of this question in higher dimensions.
The author thanks Nick Ivanov, Rafe Mazzeo, Mohan Ramachandran, Jeff Schenker and Xiaodong Wang for useful discussions on topics related to this work.
Manifolds with k-positive Ricci curvature
In this section we state some structure theorems for manifolds with k-positive Ricci curvature and provide some examples. Throughout we assume that (M, g) is an n-dimensional Riemannian manifold with n ≥ 3. Recall that n-positive Ricci curvature is positive scalar curvature and one-positive Ricci curvature is positive Ricci curvature. The following is a direct generalization of a well-known result of [G-L1] and [S-Y1] on connect sum and surgeries of manifolds with positive scalar curvature.
Theorem 2.1. Let M be a compact n-manifold with a metric of k-positive Ricci curvature, 2 ≤ k ≤ n. Then any manifold obtained from M by performing surgeries in codimension greater than or equal to 3 also has a metric of k-positive Ricci curvature. If M 1 and M 2 are compact n-manifolds with metrics of k-positive Ricci curvature, 2 ≤ k ≤ n, then their connect sum M 1 #M 2 also carries a metric with k-positive Ricci curvature.
Proof. The proof follows easily from the procedure provided in the proof in [G-L1] of the similar statement for positive scalar curvature (the case of k = n). We note that this procedure fails when k = 1 (the case of positive Ricci curvature). For the sake of completeness we will give the proof here of the connect sum result following, sometimes verbatim, the method of Gromov-Lawson. Suppose that M is an n-manifold, n ≥ 3, and that M has a metric with Ricci curvature that is k-positive, for 2 ≤ k ≤ n (i.e., at each point the sum of any k eigenvalues of the Ricci curvature is positive). Fix a point p ∈ M and consider a normal coordinate ball D centered at p. Following [G-L1] we will change the metric in D preserving that the Ricci curvature is k-positive such that the metric agrees with the original metric near ∂D and such that near p the metric is the standard metric on S (n−1) (ε) × R, for any ε sufficiently small. It follows from this that 1-handles can be added and connected sums taken preserving that the Ricci curvature is k-positive, for any 2 ≤ k ≤ n.
We consider the Riemannian product D × R with coordinates (x, t), where x are normal coordinates on D. We define a hypersurface N ⊂ D × R by the relation
where γ is a smooth curve in the (r, t)-plane that is monotonically decreasing, begins along the positive r-axis and ends as a straight line parallel to the t-axis. The metric induced on N from D × R extends the metric on D near its boundary and ends with a product metric of the form S n−1 (ε) × R. If ε is sufficiently small then by Lemma 1 of [G-L1] we can change the metric in this tubular piece to the standard metric on the Riemannian product of the standard ε-sphere with R.
The key problem is to choose the curve γ so that the metric induced on N has strictly k-positive Ricci curvature at all points. To do this we begin as in [G-L1] by letting be a geodesic ray in D beginning at the origin. Then the surface × R is totally geodesic in D × R and the normal to N along points of N ∩ ( × R) lies in × R. It follows that γ = N ∩ ( × R) is a principal curve on N and that the associated principal curvature at a point (r, t) ∈ γ is the curvature κ of γ at that point. The remaining principal curvatures at such a point are of the form (−1/r + O(r)) × sin θ where θ is the angle between the normal to the hypersurfaces and the t-axis.
Fix a point q ∈ γ ⊂ N corresponding to a point (r, t) ∈ γ. Let {e 1 , . . . , e n } be an orthonormal basis of T q (N ) such that e 1 is the tangent vector to γ and {e 2 , . . . , e n } (which are tangent vectors to D) are principal vectors for the second fundamental form of N . The Gauss curvature equation relates the curvature tensor R ijlm of N with the curvature tensor R ijlm of D × R. In particular, with respect to this basis, at q:
where λ 1 , . . . , λ n are the principal curvatures corresponding to the directions e 1 , . . . , e n respectively. As above, λ 1 = κ, the curvature of γ in × R and λ j = (−1/r + O(r)) sin θ for j = 2, . . . n. Since D × R has the product metric we have:
cos θ, for i, j = 2, . . . , n
where R D is the curvature tensor of the metric on D. It follows that the Ricci curvature of N at (x, t) with respect to the frame {e 1 , . . . , e n } is given by: (2.1)
∂ ∂r
where Ric D denotes the Ricci curvature of D. The eigenvalues of a matrix depend continuously on the entries of the matrix. Therefore for θ sufficiently small, using that λ i = (−1/r + O(r)) sin θ, for i ≥ 2, the Ricci curvature at (x, t) in formula (2.1) is k-positive. In particular, there is an θ 0 > 0 such that for 0 ≤ θ ≤ θ 0 the Ricci curvature at (x, t) is k-positive. As in [G-L1] we bend γ to the angle θ 0 and continue γ as a straight line segment. Denote the straight line segment of γ by γ 0 . Along this curve N has Ricci curvature that is k-positive. Since κ ≡ 0 along γ 0 , we see that as r becomes small the Ricci curvature of N is of the form:
Choose r 0 > 0 small and consider the point (r 0 , t 0 ) ∈ γ 0 . Bend γ 0 , beginning at this point, with the curvature function κ(s) used in [G-L1] :
Here s is the arclength parameter. From (2.1) it follows that the the Ricci curvature of the hypersurface N has (n − 1) positive eigenvalues and that each of these eigenvalues is larger in absolute value than the one remaining eigenvalue (corresponding to the direction of e 1 ). Therefore the Ricci curvature remains k-positive and, in fact, becomes 2-positive. During this bending process the curve will not cross the line r = r 0 /2 since the length of the bend is r 0 /2 and it begins at height r 0 . The total amount of bending is: ∆θ = κds 1 4 , independent of r 0 . By a similar choice of function κ we can produce any ∆θ, 0 < θ ≤ 1/4. Continue the curve with a new straight line segment γ 1 at an angle θ 1 = θ 0 + ∆θ. By repeating this procedure a finite number of times we can achieve a total bend of π/2. This completes the proof of the connect sum result.
The surgery result can also be proved by following the argument of GromovLawson. Here the role of S n−1 × R is replaced by S p × S q−1 × R, where p + q = n, and again a hypersurface is constructed in a product space that has k-positive Ricci curvature everywhere that becomes 2-positive. The key idea is the same as in the connect sum argument. That is, (n − 1) eigenvalues of the Ricci curvature can be made positive and the remaining eigenvalue can be dominated in absolute value by each of the (n − 1) positive eigenvalues.
Let X be a compact Riemannian manifold with positive Ricci curvature. Then the manifold X × S 1 has a metric of 2-positive Ricci curvature (and of non-negative Ricci curvature). Therefore, by the theorem, if X i , i = 1, . . . , l, are compact Riemannian (n − 1)-manifolds with positive Ricci curvature, the manifolds:
admit metrics with 2-positive Ricci curvature. From this we see that compact manifolds with 2-positive Ricci curvature can have large fundamental groups. In fact the fundamental groups of the examples (2.3) are virtually free with l generators. This implies that the manifolds (2.3), when l ≥ 2, do not admit metrics of non-negative Ricci curvature since the universal covers of (2.3) have infinitely many ends. In contrast the universal cover of a compact manifold with non-negative Ricci curvature splits isometrically as a product N ×R p , where N is a compact manifold, and therefore has one or two ends. Many other topologically distinct examples of compact manifolds that admit metrics of 2-positive Ricci curvature can be constructed by taking the connect sum of manifolds of positive Ricci curvature with the manifolds of (2.3).
Consider the round metric on the sphere of radius r, S n−2 r , and the hyperbolic metric on the Riemann surface Σ g of genus g ≥ 2. When r is sufficiently small the manifolds S n−2 r × Σ g admit metrics of 3-positive Ricci curvature but not of 2-positive Ricci curvature. Examples of this type indicate that 3-positive Ricci curvature when n ≥ 4 imposes much weaker restrictions on π 1 (M ) than 2-positive Ricci curvature.
Question: If M is a closed n-manifold that admits a metric with 2-positive Ricci curvature is the fundamental group, π 1 (M ), virtually free?
The first interesting case of this question occurs when n = 4 and is investigated in this paper. When n = 3 the condition of positive scalar curvature is strictly weaker than 2-positive Ricci curvature. In the case of postive scalar curvature the question can be answered in the affirmative. In fact, by the results of [S-Y1] and [G-L2] much more can be said about the topology of 3-manifolds of postive scalar curvature. We remark that the question requires a positive curvature assumption. Requiring only 2-non-negative Ricci curvature is not sufficient. For example that manifold S 2 × T 2 , where S 2 is the round 2-sphere and T 2 is the flat 2-torus, has 2-non-negative Ricci curvature and fundamental group isomorphic to Z ⊕ Z.
Minimal Surfaces and Second Variation
Throughout this section we suppose that (M, g) is a four dimensional Riemannian manifold.
Theorem 3.1. Let (Σ, ∂Σ) be a compact Riemann surface with boundary. The boundary may have multiply components but must be non-empty. Suppose that w : Σ → M is a minimal map that is strictly stable with respect to variations fixing the boundary.
(i) Suppose that w is an immersion and let g = w * (g). Set:
where K is the Gauss curvature of g, K ν is the curvature of the normal bundle, {e 1 , e 2 } is an orthonormal frame along Σ, {e 3 , e 4 } is an orthonormal normal frame
where σ is a real valued function on Σ.
(ii) Suppose that w is a branched immersion with interior branch points {p i }, i = 1, . . . , k. Let ε 0 > 0 be chosen such that the discs D ε0 (p i ), i = 1, . . . , k, lie in Σ and are pairwise disjoint. Then for any 0 < ε < ε 0 , Then,
σ da > 0, and
We begin by supposing that the minimal map w : Σ → M is an immersion. Denote the normal bundle of the immersed surface w(Σ) by ν and the pulled back bundle by w * (ν). The rank two bundle w * (ν) is equipped with an induced metric that we denote by g and a connection ∇ ⊥ . We complexify w * (ν) to construct a complex rank two vector bundle E = w * (ν) ⊗ C over Σ. The metric g on w * (ν) extends to E as: (i) a hermitian metric denoted −, − , (ii) a symmetric bilinear form denoted (−, −). We extend the connection ∇ ⊥ and the curvature of M to sections of E by requiring them to be linear over complex scalars.
The bundle E is topologically trivial. Let {e 3 , e 4 } be a global orthonormal frame of w * (ν). Then E = V ⊕V . where V = span {e 3 + ie 4 } andV = span {e 3 − ie 4 } are both complex line bundles. The connection ∇ ⊥ on E induces a connection on V (and onV ) by projection. That is, if s ∈ Γ(V ), where Γ(V ) denoted the smooth sections of V , then
where pr V : E → V is orthogonal projection. Using the Koszul-Malgrange theorem there is a unique holomorphic structure on V such that
Each section s of V , holomorphic or not, can be written s = φ √ 2 (e 3 + ie 4 ), where φ is a function on Σ. From this it follows that:
2 (e 4 , e 4 ) = 0. Therefore s is isotropic. Thus,
It follows that for sections s of V :
Hence if s is a holomorphic section of V :
Next note that V is a holomorphic line bundle on an open Riemann surface. It follows (see, for example, Theorem 30.3 [Fo] ) that V is holomorphically trivial and, in particular, V admits a nowhere vanishing holomorphic section s.
Since w : Σ → M is a strictly stable minimal immersion the complexified version of the second variation formula (see, for example, [F1] for a derivation) implies that for all sections τ ∈ Γ(E) that vanish on ∂Σ:
Let f ∈ C ∞ 0 (Σ) be a complex valued function. Then if s is a holomorphic section of V , f s is an admissible variation. Further,
since s is holomorphic. If {e 1 , e 2 } is an orthonormal frame on T Σ and we write s = φ √ 2 (e 3 + ie 4 ) then:
Since z is an isothermal coordinate we have
2 (e 1 + ie 2 ) where λ is the conformal factor. Using,
where h αjk are the coefficients of the second fundamental form, we have:
Finally,
where R ABCD are coefficients of the curvature tensor of M . It follows that if w : Σ → M is a strictly stable minimal immersion then for any function f that vanishes on ∂Σ:
where s is any nowhere vanishing holomorphic section of V . Set,
Then, in particular,
for any complex valued function f ∈ C ∞ 0 (Σ). Using minimality the second fundamental form term becomes: where K ν is the curvature of the normal bundle. Hence A becomes:
Finally write ln |s| 2 = σ so |s| 2 = e σ . Thus we have (3.3).
We next apply the previous reasoning to the line bundleV . The connection ∇ ⊥ on E induces a connection onV by projection. That is, if t ∈ Γ(V ) then,
where prV : E →V is orthogonal projection. There is a unique holomorphic structure onV such that: ∇V∂ ∂z =∂.
Each section t ofV , holomorphic or not, can be written
where ξ is a complex valued function on Σ. Therefore t is isotropic and if t is a holomorphic section ofV then, as shown above:
From (3.13) we see that the previous computation using s = φ √ 2 (e 3 + ie 4 ) applies
(e 4 + ie 3 ) with φ replaced by −iξ and with the roles of {e 3 , e 4 } reversed. In particular, it follows that if w : Σ → M is a strictly stable minimal immersion then for any function f ∈ C ∞ 0 (Σ):
where t is any nowhere vanishing holomorphic section ofV and we have set
Applying the same reasoning as used previously it follows that:
Write ln |t| 2 = τ so |t| 2 = e τ . If s is a no-where vanishing holomorphic section of V then, since V andV are dual bundles, s −1 is a no-where vanishing holomorphic section ofV . Therefore τ can be replaced by −σ. We have thus derived (3.4).
The previous derivation assumed that the map w : Σ → M is a strictly stable minimal immersion. We next generalize the above to the setting where w : Σ → M is a strictly stable minimal branched immersion. Since all admissible variations fix the boundary, the possibility of branch points at the boundary may be ignored. We note that the definition of stability in the presence of interior branch points is problematic. However if we require admissible variations to vanish in a neighborhood of each branch point then the notion of stability and the second variation formula are the same as above. The normal bundle w * (ν) along the map w : Σ → M and its complexification E = w * (ν) ⊗ C are well-defined. The splitting of E = V ⊕V is defined as in the immersion case and we can consider sections s of V and t ofV . Let p i , i = 1, . . . , k, be the interior branch points. Let ε 0 > 0 be chosen such that the discs D ε0 (p i ), i = 1, . . . , k, lie in Σ and are pairwise disjoint. For any 0 < ε < ε 0 , let f ε be a smooth function on Σ that vanishes on the boundary ∂Σ and vanishes
If s ∈ Γ(V ) then for any ε, f ε s is an admissible variation. The above argument applied with f ε yields the inequalities ,
Equivalently, for any 0 < ε < ε 0 and all smooth functions
The function σ occurring in (3.3) and (3.4) is characterized by:
Proposition 3.2. The normal curvature K ν is given by:
where ∆ is the Laplace-Beltrami operator on Σ.
Proof. Let {e 1 , e 2 , e 3 , e 4 } be an orthonormal frame on M adapted such that {e 1 , e 2 } is a framing of Σ and {e 3 , e 4 } is a framing of the normal bundle ν. Denote the connection one-form with respect to this frame by (ω ij ). It follows that e = 1 √ 2 (e 3 + ie 4 ) is a unitary frame of V with connection one-form −iω 34 .
Next suppose that s is a no-where vanishing holomorphic section of V . Then Ds = ρs, where the connection one-form ρ is a (1, 0)-form. If we write s = φe then ρ = d(ln φ) − iω 34 . Hence dρ = −idω 34 . Since s is a holomorphic section we have ρ = ∂ ln |s| 2 . Therefore,
where ∆ is the Laplace-Beltrami operator on Σ and ω 1 ∧ ω 2 is the area form. The curvature two-form on M satisfies: Ω 34 = dω 34 −ω 31 ∧ω 14 −ω 32 ∧ω 24 . On Σ we have ω αj = h αj1 ω 1 + h αj2 ω 2 for α = 3, 4 and i, j = 1, 2, where the components of the second fundamental form (h αji ) satisfy: 2 j=1 h αjj = 0 for α = 3, 4 by the minimality of Σ. Setting dω 34 = −K ν ω 1 ∧ ω 2 we derive the Ricci equation (3.11). It follows that K ν = 1 2 ∆ ln |s| 2 , as required.
Corollary 3.3. Let (Σ, ∂Σ) be a compact Riemann surface with boundary. The boundary may have multiply components but must be non-empty. Suppose that w : Σ → M is a minimal map that is strictly stable with respect to variations fixing the boundary.
(i) Suppose that w is an immersion and let g = w * (g), (3.20)
(ii) Suppose that w is a branched immersion with interior branch points {p i }, i = 1, . . . , k. Let ε 0 > 0 be chosen such that the discs D ε0 (p i ), i = 1, . . . , k, lie in Σ and are pairwise disjoint. Then for any 0 < ε < ε 0 , the same inequalities hold for all real valued functions f ∈ C
The presence of the conformal factors e σ and e −σ in (3.20) and (3.21) interferes with applications. For example, if these factors did not occur then adding yields:
To handle this difficulty we first show:
Proposition 3.4. For any f ∈ C ∞ 0 (Σ) and any q ∈ C 2 (Σ) we have:
where ∆ is the Laplace-Beltrami operator. In particular, if
Proof. To begin we compute:
Thus integrating by parts, we have:
Since 1 2 ∆σ = K ν the we have:
Next we compute that:
and conclude that:
Adding, the result follows.
It is not difficult to find functions q satisfying (3.24). For our purposes we will use q = e h 2 , for h a harmonic function on Σ and seek to find h such that (3.24) holds for all f ∈ C ∞ 0 (Σ). Note that since ∆ is the Laplace-Beltrami operator and h is harmonic, ∆q
Given a minimal map w : Σ → M we fix σ (corresponding to fixing a holomorphic section s of V ) and seek a harmonic function h satisfying
. This is not always possible. However if Σ is conformal to a planar domain then we can choose a holomorphic functionτ on Σ without zeroes and without critical points. Takingh = ln |τ | we see that for a sufficiently large scalar k > 0, τ =τ k , satisfies h = kh = ln |τ | with
for all x ∈ Σ. Therefore (3.26) is satisfied for all f ∈ C ∞ 0 (Σ). We will call such a harmonic function h a strongly positive harmonic function and such a holomorphic function τ a strongly positive holomorphic function. In the general case a harmonic function without critical points may not exist. However we choose a holomorphic functionτ without zeroes and with finitely many critical points {q 1 , . . . , q }. Given ε > 0 we note that on Σ τ,ε = Σ \ ∪ j=1 D ε (q j ) there is a scalar k > 0 such that τ =τ k is a strongly positive holomorphic function on Σ τ,ε and h = ln |τ | is a strongly positive harmonic function on Σ τ,ε (k, of course, depends on the choice of ε). Accordingly given τ (or h) we restrict the class of admissible functions f in (3.23) to be f ∈ C ∞ 0 (Σ τ,ε ). Then for this restricted class of admissible functions (3.24) is satisfied. We conclude that if we treat the critical points {q 1 , . . . , q } of h like branch points then the variational inequality (3.25) holds for all f with q 2 = e h . We will call such functions f admissible for τ or admissible for h or, simply, admissible. We will call the critical points of τ , {q 1 , . . . , q }, pseudo branch points. We have, Corollary 3.5. Let h be a strongly positive harmonic function on Σ and f ∈ C ∞ 0 (Σ) admissible for h then,
Proof. We will show that for
The result then follows. To begin we assume that f has support in a coordinate neighborhood with isothermal coordinates z = x + iy. Then
2 then the integral (3.28) becomes:
Write D =
∂ ∂x e 1 + ∂ ∂y e 2 then the integral (3.29) becomes:
The sum of the imaginary terms must vanish since the left hand side is real (and, in fact, this can be easily verified). Then using that Σ d(uv) ∧ d(e h ) = 0 we see that:
Hence, integrating by parts,
To extend the computation to f with support in any compact subset of Σ use a standard partition of unity argument.
Lemma 3.7. Let f = u + iv ∈ C ∞ 0 (Σ) and τ be a holomorphic function with ln |τ | = − h 2 where h is a harmonic function. Write τ = e − h 2 e iθ and set f τ =ũ+iṽ. then:
Proof. The first equality is clear.
To prove the second equality first write:
Note that:
Theorem 3.8. Given w : Σ → M a strictly stable minimal map, let h be a strongly positive harmonic function on Σ. For any real valued function u ∈ C ∞ 0 (Σ) that is admissible for h,
Proof. Fix a real valued function u ∈ C ∞ 0 (Σ) that is admissible for h. For any v ∈ C ∞ 0 (Σ), admissible for h, set f = u + iv and denote by τ the holomorphic function τ = e − h 2 e iθ . Write f τ =ũ + iṽ. By Theorem 3.6 and Lemma 3.7:
Choose a sequence v j ∈ C ∞ 0 (Σ) with each v j admissible for h satisfying: (i) ||v j || C 1 (Σ) → 0, and (ii) du ∧ dv j ≤ 0 and du ∧ dv j < 0, except at points where du = 0, pointwise on Σ. Without loss of generality we can suppose that h > 0. Then for each j choose a scalar c j > 0 such that:
Since bothũ andṽ j are admissible for h:
Hence for each j,
where we have used (3.30) on the first term and multiplied through by the constant e −cj . Letting j → ∞ and thus v j → 0 in the C 1 norm we conclude that
In summary, suppose w : Σ → M is a strictly stable minimal map with branch points {p 1 , . . . , p k }. Let h be a strongly positive harmonic function on Σ with critical points {q 1 , . . . , q }, called pseudo branch points. Given ε > 0, let
for all f ∈ C ∞ 0 (Σ) that are admissible for h. We note that if Σ is conformal to a planar domain then the set of pseudo branch points is empty. In particular, we have, Corollary 3.9. Given any ε > 0, the uniformly elliptic operator
is self-adjoint on real valued functions f ∈ H 1 0 (Σ h,ε ) with respect to the induced metric on Σ and is positive definite. Therefore the first eigenvalue λ 1 of the Dirichlet problem is positive and its corresponding eigenfunction is positive on Σ and vanishes on the boundary.
Remark:
We have formulated the results of this section for minimal surfaces strictly stable among variations fixing the boundary. If a minimal surface with boundary is stable among variations fixing the boundary then, since the stability operator is uniformly elliptic and has uniqueness in the Cauchy problem [Si] , by perturbing the boundary in along the surface the resulting minimal surface with boundary is strictly stable [Sm] . Using this observation we can and will apply the results of this section to stable minimal surfaces.
Fill Radius Bounds
In this section we use Corollary 3.9 to derive a universal bound on the both the homotopy and homology fill radius of a complete manifold with two-positive Ricci curvature bounded below by α > 0. The argument we use is essentially due to , there in the context of a three manifold of positive scalar curvature. We provide a complete proof for four manifolds with two-positive Ricci curvature both for the sake of completeness and because the argument must be generalized to allow for branch points (which do not occur on minimizers in threemanifolds) and to allow for pseudo branch points (which are special to this problem).
Another argument for such a bound, also in the case of a three manifold of positive scalar curvature, is given by . We remark that if (M, g) has two-positive Ricci curvature bounded below by α then for any orthonormal frame {e 1 , e 2 , e 3 , e 4 } and any i, j = 1, . . . , 4, i = j, we have Ric(e i , e i ) + Ric(e j , e j ) = Ric ii + Ric jj ≥ α > 0, Theorem 4.1. Let Σ be a stable branched minimal immersion in a 4-manifold M with two positive Ricci curvature bounded below by α. If Σ is compact with boundary ∂Σ then:
If Σ is non-compact and Ω ⊂ Σ is a compact connected domain then:
Proof. We will only prove the first statement. From this proof the second statement follows easily. We first study the case where Σ is a minimal immersion and where Σ admits a strongly positive harmonic function without critical points (eg., Σ is conformal to a planar domain). In this case there are no branch points and no pseudo branch points. The basic idea of the proof follows from the observation that if the induced metric on Σ has positive curvature:
then the length of the minimal geodesic from x to ∂Σ, for any x ∈ Σ, is bounded above in terms of K 0 . We cannot prove the bound (4.3) but we can use the twopositivity of the Ricci curvature of M and the stability of Σ to derive an appropriate positivity.
Given a function k > 0 consider the functional on these curves defined by:
We will study the variational problem on T associated to I. In particular, a critical point is a curve γ that satisfies the Euler-Lagrange equation:
where γ = dγ dt . Here we have only considered variations that fix the boundary. Since the functional I is independent of parameterization, without loss of generality, we can suppose that γ is parameterized by arclength. Thus, 
Then the inner product of the left hand side of (4.7) with γ is identically zero. If X is a normal vector field to γ in Σ then the inner product of (4.7) with X yields:
The normal vector field X is an admissible variation if X(0) = X(1) = 0. The second variation of I at a critical point γ determines a bilinear form I. If ν is a unit normal vector field along γ in Σ then the normal vector field X satisfies X = ψν, where ψ is a function of the arclength parameter s. X is admissible if ψ(0) = ψ( ) = 0. If X is an admissible variational vector field then the second variation of γ by X is:
where ∆ is the Laplace-Beltrami operator on Σ and K is the Gauss curvature of Σ. Set
. Minimize I on T and denote a minimizer γ. The existence of a smooth minimizer follows as in the case of geodesics. Then on the minimizer,
for all functions ψ on [0, ] that vanish at the endpoints.
The minimal immersion Σ is stable for variations fixing the boundary. Therefore from the previous section we have that the operator (4.11) Lf = ∆f + (K − 1 2 (Ric 11 + Ric 22 ))f on functions f ∈ C ∞ 0 (Σ) has first eigenvalue λ 1 > 0. It follows that an eigenfunction h for λ 1 satisfies h > 0 on Σ and h | ∂Σ = 0. We apply the variational theory described above with k replaced by the first eigenfunction h. Using (4.11), (4.10) becomes:
Choose a function g ∈ C ∞ ([0, ]) that vanishes at the endpoints and that is a first eigenfunction of L 0 on [0, ]. Then g > 0 on (0, ) and L 0 (g) ≥ 0. Hence,
. Let ϕ be any smooth function on [0, ] vanishing at the endpoints and multiply (4.13) by ϕ 2 to give:
Integrate by parts to give, (4.15) where the second inequality follows from,
Combining (4.14) and (4.15) we have: From this the theorem follows in the case that Σ is an immersion that admits a strongly positive harmonic function without critical points (i.e., there are no branch points and no pseudo branch points).
We next generalize the previous argument to the case where Σ is a branched minimal immersion with branch points and pseudo branch points x j ∈ Σ, i = 1, . . . , r. Branch points and pseudo branch points can be treated equally in this argument (justifying the name pseudo branch point). From the previous section we have that for any ε > 0 the operator
For technical convenience we will consider a space of paths on Σ \ ∪ r j=1 Dε(x j )) forε > ε. This ensures that h > 0 on ∪ r j=1 ∂Dε(x j ). Let S denote the subset of {σ : [0, 1] → Σ \ ∪ r j=1 Dε(x j ) : σ(0) = x, σ(1) ∈ ∂Σ} consisting of paths of two types: (i) the smooth paths from x to ∂Σ considered above, and (ii) broken paths consisting of an initial segment from x to ∂Dε(x j ), for some j, at most r − 1 intermediate segments from ∂Dε(x k ) to ∂Dε(x m ) for 1 ≤ k, m ≤ r, k = m, and a final segment from ∂Dε(x t ), for some t, to ∂Σ. Consider the functional on these curves defined by:
We study the variational problem on S associated to I. In particular, a critical point is a curve γ that satisfies the Euler-Lagrange equation (4.5) and that is perpendicular to any ∂Dε(x j ) it meets at its initial or terminal point. (This follows because h = 0 on ∂Dε(x j ) for each j = 1, . . . , r.) Since the functional I is independent of parameterization, without loss of generality, we can suppose that γ is parameterized by arclength. In particular, γ :
Dε(x j ), where is the total length of all segments of γ. Since γ may consist of finitely many segments the map γ is only piecewise continuous. A normal vector field X to γ is admissible if X(0) = X( ) = 0. Note that a normal vector field preserves the boundary constraints of the segments of γ.
The second variation of I at a critical point γ determines a bilinear form I. If ν is a unit normal vector field along γ in Σ \ ∪ r j=1 Dε(x j ) then the normal vector field X satisfies X = ψν, where ψ is a function of the arclength parameter s. X is admissible if ψ(0) = ψ( ) = 0. The variational vector field X is, of course, not continuous at points between segments. Therefore the function ψ is allowed to have discontinuities at finitely many points of [0, ]. If X is an admissible variational vector field then the second variation of γ by X is given by (4.9), where denotes the total length of all segments.
Minimize I on S and denote a minimizer γ. The existence of a smooth minimizer follows as in the case of geodesics. A minimizer γ is a smooth curve in Σ\∪ r j=1 Dε(x j ) or a collection of segments with initial and terminal points on ∂Σ \ ∪ r j=1 ∂Dε(x j ) that meet ∪ r j=1 ∂Dε(x j ) orthogonally. In both cases it is possible that γ is tangent at some interior point to one of the boundaries ∂Dε(x k ). If this occurs we can consider γ as a curve in the larger space:
Clearly γ remains a minima of I in this larger space since perturbing γ into the disc Dε(x k ) can only increase I. From this observation it follows that on each segment of γ we have,
for all functions ψ on the interval parameterizing the segment. The operator L 0 is the second variation operator given in (4.12). Summing over all segments we have,
We next restrict L 0 to the subclass of variational vector fields for which ψ is smooth across all segments. Thus we have L 0 (ψ) ≥ 0 for all smooth functions ψ on the interval [0, ] that vanish at the endpoints. From the previous argument we can conclude as above, ≤ 8 3 π √ α This inequality holds for anyε > 0 and any x ∈ Σ (except branch points and pseudo branch points). Therefore,
and we are done.
Recall from the introduction: Let γ be a smooth simple closed curve in M which bounds a disk in M . Set N r (γ) = {x ∈ M : d(x, γ) ≤ r}. We define the homotopy fill radius of γ to be: π 1 fillrad(γ) = sup{r : dist(γ, ∂M ) > r and γ does not bound a disk in N r (γ)} To apply the previous results on stable minimal surfaces we require the relevant existence results. For example, we need to be able to solve the Plateau problem in M . In the case that M is closed this presents no difficulty. When M is complete and non-compact Morrey [Mo] showed that if M is homogeneously regular and a simple closed curve γ bounds a disk with finite area then there is a smooth solution of the Plateau problem for γ in M . A Riemannian manifold with sectional curvature bounded above and injectivity radius bounded below by a positive constant is homogeneously regular. In particular, if M is closed or a covering of a closed manifold then M is homogeneously regular. Corollary 4.2. Let M be a complete Riemannian four manifold that is homogeneously regular and with two-positive Ricci curvature bounded below by α. Then the homotopy fill radius of any smooth simple closed curve γ which bounds a finite area disk in M satisfies:
Proof. Let γ be a smooth simple closed curve in M that spans a finite area disk. We solve the classical Plateau problem to find a branched minimal immersion u :
The result follows from Theorem 4.1.
Corollary 4.3. Let M be a compact Riemannian 4-manifold with boundary ∂M and with two positive Ricci curvature bounded below by α. Let γ be a simple closed curve in M that bounds a disk. Then,
We define the homology fill radius of γ to be: 
there is a cycle in M that bounds γ. Minimizing area among the cycles that bound γ we find a stable branched minimal surface Σ ⊂ M with ∂Σ = γ. The result follows from Theorem 4.1 applied to this minimal surface.
Fill Radius and the Fundamental Group
In this section we give results on the fundamental group of a Riemannian manifold that satisfies a curvature condition that implies an upper bound on the fill radius of null homotopic simple closed curves. Our approach is based on the notion of the number of ends of a group G. There are various definitions of this notion. For our purposes the following definition will suffice: Definition 5.1. Given a group G we define the number of ends, e(G), of G to be the number of geometric ends ofK, whereK → K is a regular covering of the finite simplicial complex K by the simplicial complexK and G is the group of covering transformation.
In particular, if G is the fundamental group of a closed manifold N then the number of ends of G is the number of ends of the universal coverÑ of N . It is not difficult to show that a group G can have 0,1,2 or infinitely many ends.
We will need the following lemma.
Lemma 5.1. Let N be a closed manifold. Suppose that N 0 → N is a covering of N such that N 0 has fundamental group G that is finitely generated and has exactly one end. Let γ be a simple closed curve in N 0 that represents an infinite order generator [γ] of G. LetÑ → N 0 be the universal cover and letγ be a line inÑ that is a lift of γ. Then the two ends ofγ lie in the same end ofÑ .
Proof. There is a finite simplicial complex K with regular coveringK such that G acts as the group of covering transformations. There is an imbedding ı : K → N 0 that induces an epimorphism of fundamental groups. In particular, the generators of G all lie in K. Then there is an imbeddingĩ :K →Ñ . If B ⊂Ñ is compact thenĩ −1 (B) ⊂K is compact. Let γ be a simple closed curve in N 0 that represents an infinite order generator [γ] of G. After a homotopy the liftγ can be assumed to lie inK. Since G has exactly one end, any two points onγ, not inĩ −1 (B), can be joined by a curve α inK \ĩ −1 (B). The curveĩ(α) then lies inÑ \ B and joins points onγ not in B. Since this is true for any compact set B the conclusion follows.
Theorem 5.2. Let N be a closed Riemannian manifold. Suppose that N and every covering space of N have the property that the fill radius of every null homotopic simple closed curve is uniformly bounded above. If G is a finitely generated subgroup of π 1 (N ) then G cannot have exactly one end.
Proof. Assume, by way of contradiction, that the subgroup G of π 1 (N ) has exactly one end. Let M be a covering of N with fundamental group π 1 (M ) isomorphic to G. Denote by γ a minimal geodesic in M that represents a generator [γ] of G. Let p :M → M be the universal cover and letγ be the geodesic line that is a lift tõ M of γ. Let x ∈γ and B r (x) ⊂M be the metric ball of radius r, center x. Then because G has exactly one end by the previous lemma both ends ofγ inM \ B r (x) lie in the same end ofM . The geodesic lineγ consist of two geodesic raysγ 1 andγ 2 beginning at x. Choose a point p 1 ∈M \B r (x) alongγ 1 and a point p 2 ∈M \B r (x) alongγ 2 . Since p 1 and p 2 lie in the same end there is a curve β ⊂M \ B r (x) joining p 1 and p 2 . Denote the closed curveγ ∪ β by η. SinceM is simply connected η is null homotopic and has fill radius greater than r 2 . For sufficiently large r this contradicts the fill radius bound.
Corollary 5.3. Let M be a closed Riemannian 4-manifold with Ricci curvature that is 2-positive then the fundamental group does not have any finitely generated subgroups with exactly one end. In particular, π 1 (M ) does not have any subgroup isomorphic to the fundamental group of a Riemann surface.
To prove our next result we will use work of Dunwoody [D] . We are indebted to Mohan Ramachandran for help formulating this argument and for references. Stallings' Structure theorem [St1] for finitely generated groups with more than one end is formulated in [D] as follows: Let G be a finitely generated group. Then e(G) > 1 if and only if there is a G-tree T such that the stabilizer G e of each edge e is finite and the stabilizer G v of each vertex v is finitely generated and G v = G. Definition 5.2. A finitely generated group G is said to be accessible if there is a G-tree T such that G e is finite for each edge e of T and G v has at most one end for each vertex v of T .
Dunwoody's main result in [D] is: A finitely presented group G is accessible.
(also, see [D-D] Chap. 6 Theorem 6.3).
Theorem 5.4. Let N be a closed Riemannian manifold. Suppose that N and every covering space of N have the property that the fill radius of every null homotopic simple closed curve is uniformly bounded above. Then the fundamental group π 1 (N ) is virtually free.
Proof. By Theorem 5.2, G = π 1 (N ) has no finitely generated subgroups with exactly one end. Since π 1 (N ) is finitely presented, by Dunwoody's result, it is accessible. Therefore there is a G-tree T such that G e is finite for each edge e of T and G v is finite for each vertex v of T . Then, by [Se] (see Chap. II, Sec. 2.6, Prop. 11), it follows that G is virtually free of finite rank.
Corollary 5.5. Let M be a closed Riemannian four-manifold with Ricci curvature that is 2-positive. Then the fundamental group is virtually free.
Remark: Under the hypotheses of Theorem 5.4 if, in addition, we assume that the fundamental group π 1 (N ) is torsion free then there is a direct proof that π 1 (N ) is free of finite rank. We use Grushko's Theorem (see [Ma] ) and the following theorem of Stallings [St2] (also, [D-D] Chap. 4 Theorem 6.10): If G is a torsionfree, finitely generated group with infinitely many ends then G is a non-trivial free product. Applying Stallings' theorem to G = π 1 (N ) , we have G G 1 * G 2 , where each G i is finitely generated (by Grushko's Theorem) and each G i has either two or infinitely many ends (by Theorem 5.2). Then apply Stallings theorem to each G i with infinitely many ends and iterate. By Grushko's Theorem, this process terminates after finitely many steps resulting in G G 1 * · · · * G k , where each G i is finitely generated and has two ends. Since a torsion-free, finitely generated group with two ends is infinite cyclic, we conclude that G = π 1 (N ) is a free group of finite rank.
Remark: In [G2, Sec. 3], Gromov conjectures that the fundamental group of a closed manifold with positive isotropic curvature is virtually free. We believe the statement and proof of Theorem 5.4 are related to this conjecture.
Geometric Applications
The fill radius bound has strong geometric implications. We have stated two more below taken from [G-L2] .
Theorem 6.1. Let (M, g) be a closed four manifold with two-positive Ricci curvature bounded below by α. Then there is a distance decreasing map φ : M → Λ onto a metric graph, such that, for each p ∈ Λ,
Proof. The theorem follows from the proof of Corollary 10.11 in [G-L2] . Also see [G1] Appendix 1.
The theorem implies that compact 4-manifolds with two-positive Ricci curvature and large diameter are "long" and "thin", exactly like compact 3-manifolds with positive scalar curvature and large diameter. Such examples with large diameter and complicated graph can be constructed using Theorem 2.1.
A complete manifold M is simply-connected at infinity if for any compact set K ⊂ M there is a compact set C ⊂ M such that any loop in M \C is homotopically trivial in M \ K.
Theorem 6.2. Let M be a complete 4-manifold with two-positive Ricci curvature uniformly bounded below by α > 0 and with finitely generated fundamental group. Then M is simply-connected at infinity.
Proof. The proof of Corollary 10.9 in [G-L2] applies directly.
